Abstract-Periodic subwavelength structures on a boundary can enhance the transmission through the boundary. While rigorous methods are accurate for designing these structures, recent methods could benefit from an improved effective medium approximation. In this work, a modified Rayleigh mixture formula is used to approximate the effective properties of periodic cylinders in a square lattice for transverse electromagnetic plane waves. The modified Rayleigh mixture formula outperforms the Maxwell Garnett formula where the height is greater than the diameter. A comparison is shown for completeness.
I. INTRODUCTION
Periodic subwavelength are useful for many microwave and optical applications. These application range from microwave impedance matching lenses [1] to optical resonators [2] . While numerous publications use periodic cylinders [1] - [6] , additional exploration should be made into the implementation of these structures. In this work, an improved effective media equation will be formulated for periodic cylinders in a square lattice. This effective media equation will improve the efficiency of analytic and optimization methods of discrete (multilevel) and continuous (graded) cylindrical structures. This work will outline this new effective media formulation with increased accuracy.
II. MAXWELL-GARNETT MIXTURE FORMULA
While many effective mixture formulas exist, the MaxwellGarnett (MG) mixture formula is a direct analytic approximation for ellipsoid inclusions in a host medium [7] . The formula was derived from the scattering of a homogeneous dielectric sphere in the presence of an electrostatic electric field. For aligned ellipsoids the formula is:
Where ǫ ef f,z is the effective permittivity for the mixture in the direction of the electric field, ǫ h and ǫ i are the permittivity of the host and inclusion, f is the volume fraction of the sub wavelength structure, N x is the depolarization factor with regard to the direction of the electric field, and R equals 0 for the standard MG formulation. A more complete descriptions of the MG mixture formula can be found in [7] .
For a particular case where the ellipsoids are long (h/d ≥ 10) and in a square lattice, a 2D Rayleigh modification to the MG increases the accuracy of approximation. The 2D Rayleigh modification accounts for high interactions between cylindrical inclusions in a square lattice [8] . The MG formulation is modified by setting:
[8] has shown how the 2D Rayleigh formula outperforms the Maxwell-Garnett for this special case.
III. EFFECTIVE PROPERTIES FOR A SQUARE LATTIC OF CYLINDRICAL INCLUSIONS
The approach derived here leverages the 2D Rayleigh and modifies ellipsoids geometry. The new effective media of cylindrical inclusions in a square lattice assumes that a prolate spheroids (ellipsoids) can be an approximation of a cylinder. Figure 1 shows the cylinder and the prolate spheroid. The challenge is appropriately matching the volume of the prolate spheroid to the cylinder. Since the height cannot change without maintaining the thickness of the effective properties, the increased volume of the ellipsoid must be put into the width (a) of the ellipsoid. For the volume to maintained, the width of the ellipsoid is increased by 3 2 . Also hypothesized was the need for an additional scaling variable that would aim to account for the shape of the structure. Through trial and error, the square root of the inclusion permittivity seemed to be the best factor for increasing accuracy of the formulation. This would suggest that the cylinder exhibits a dependence on the optical path length. The cylinder shape depolarizes the effective properties along z axis. The final equation is shown below. Where N t is the depolarization of the transverse axes (x and y) and N z is the depolarization of the z axis. The depolarization formula for a prolate spheroid can be found in [7] . N t and N z are N x in equation 1 respectively. For the remainer of the work, this effective media approach will be called Modified Effective Rayleigh (MER). It should also be noted that the dyadic permittivity tensor will only work for oblique transverse electric plane waves.
IV. COMPARISON BETWEEN MG AND MER
To complete this analysis of the MER mixture formula for periodic cylinder in a square lattice, a comparison was done between the MER and MG approach. The comparison shown here consists of permittivity ranging from 2 to 25, height to diameter (h/d) ratio from 1 to 10, and diameter to period (d/p) ratio from 0 to 0.9. The period was set to λ 20 to enable to be significantly sub-wavelength. The incident angle for this analysis is normal. The permittivity was derived using the method described in [4] with a rigorous coupled wave solution. The percent error was calculed by
. Figure  2 shows the error for MER and MG with an inclusion dielectric of 9. Every instance of the approximation of the MER has a lower error than the MG. Figure 3 shows the mean and max values over the same h/d and d/p moth-eye profiles for a permittivity of 2 to 25. From Figure 3 , the mean and maximum error of the MER grows slower than MG. This would indicate that the MER is a suitable effective media formulation for periodic subwavelength cylinders in a square lattice.
V. CONCLUSION
A simple modified Rayleigh mixture approach was used to more accurately approximate the effective properties of periodic subwavelength cylinders in a square lattice. Future work will use this approximate to design multilevel and graded cylindrical designs.
